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We present a complete update of the analysis of νe and ν¯e disappearance experiments in terms
of neutrino oscillations in the framework of 3+1 neutrino mixing, taking into account the Gallium
anomaly, the reactor anomaly, solar neutrino data and νeC scattering data. We discuss the impli-
cations of a recent 71Ga(3He, 3H)71Ge measurement which give information on the neutrino cross
section in Gallium experiments. We discuss the solar bound on active-sterile mixing and present our
numerical results. We discuss the connection between the results of the fit of neutrino oscillation
data and the heavy neutrino mass effects in β-decay experiments (considering new Mainz data) and
neutrinoless double-β decay experiments (considering the recent EXO results).
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I. INTRODUCTION
In recent years several short-baseline neutrino oscilla-
tion experiments have found anomalies which may re-
quire an extension of the standard three-neutrino mix-
ing framework which describes the neutrino oscillations
observed in solar, atmospheric and long-baseline experi-
ments (see [1–3]). In this paper we consider the Gallium
anomaly [4–6] and the reactor anomaly [7–9], which in-
dicate that electron neutrino and antineutrinos may dis-
appear at short distances1. Such disappearance may be
explained by the presence of at least one massive neutrino
at the eV scale, which drives short-baseline neutrino os-
cillations generated by a squared-mass difference which is
much larger than the squared-mass difference operating
in the solar, atmospheric and long-baseline neutrino os-
cillation experiments. We consider 3+1 neutrino mixing,
which is the minimal extension of three-neutrino mixing
which can explain the Gallium and reactor anomalies.
Since from the LEP measurement of the invisible width
of the Z boson [13] we know that there are only three
light active flavor neutrinos the additional neutrino in
the 3+1 framework is sterile.
In this paper we discuss the implications of the recent
71Ga(3He, 3H)71Ge measurement in Ref. [14], which give
information on the neutrino cross section in Gallium ex-
periments. We take also into account the most updated
1 The inclusion in the analysis of the more controversial LSND
[10] and MiniBooNE [11]
(−)
νµ →
(−)
νe anomalies will be discussed
elsewhere [12].
calculation of the reactor neutrino fluxes presented in the
recent White Paper on light sterile neutrinos [15]. We
present also a detailed discussion of the connection be-
tween the results of the fit of neutrino oscillation data
and the results of β-decay experiments (considering the
Mainz data presented very recently in Ref. [16]) and neu-
trinoless double-β decay experiments (considering the re-
cent EXO bound in Ref. [17] and the controversial posi-
tive result in Ref. [18]).
We consider 3+1 neutrino mixing as an extension of
standard three-neutrino mixing. The mixing of the three
active flavor neutrino fields νe, νµ, ντ and one sterile
neutrino field νs is given by
να =
4∑
k=1
Uαkνk , (1)
where U is the unitary 4× 4 mixing matrix (U † = U−1)
and each of the four νk’s is a massive neutrino field with
mass mk. We consider the squared-mass hierarchy
∆m221 ≪ ∆m
2
31 ≪ ∆m
2
41 , (2)
with ∆m2kj ≡ m
2
k − m
2
j , such that ∆m
2
21 generates
the very-long-baseline oscillations observed in solar neu-
trino experiments and in the KamLAND reactor antineu-
trino experiment, ∆m231 generates the long-baseline os-
cillations observed in atmospheric neutrino experiments
and in long-baseline accelerator and reactor neutrino and
antineutrino experiments, and ∆m241 generates short-
baseline oscillations.
The effective survival probability at a distance L of
electron neutrinos and antineutrinos with energy E in
2short-baseline neutrino oscillation experiments is given
by (see Refs. [19–22])
P SBL(−)
νe→
(−)
νe
= 1− sin2 2ϑee sin
2
(
∆m241L
4E
)
, (3)
with the transition amplitude
sin2 2ϑee = 4|Ue4|
2
(
1− |Ue4|
2
)
. (4)
The plan of the paper is as follows. In Section II we
discuss in detail the Gallium νe anomaly [4–6] and the
implications of the important recent 71Ga(3He, 3H)71Ge
measurement in Ref. [14]. In Section III we present
the results of the combined analysis of Gallium data
with reactor ν¯e data, taking into account the reactor ν¯e
anomaly [7–9, 15]. In Section IV we discuss the solar
neutrino constraint on short-baseline νe disappearance
[23–26]. In Section V we present the results of the global
fit of νe and ν¯e disappearance data, which includes also
νe+
12C→ 12Ng.s.+ e
− scattering data [27, 28]. We con-
front these results with the bounds on the heavy neutrino
mass given by the data of β-decay experiments [16, 29]
and neutrinoless double-β decay experiments [17, 18]. Fi-
nally, in Section VI we draw our conclusions.
II. GALLIUM ANOMALY
The GALLEX [30–32] and SAGE [33–36] Gallium so-
lar neutrino experiments have been tested with intense
artificial 51Cr and 37Ar radioactive sources which pro-
duce electron neutrinos through electron capture with
the energies and branching ratios given in Tab. I. In each
of these experiments the source was placed near the cen-
ter of the approximately cylindrical detector and electron
neutrinos have been detected with the solar neutrino de-
tection reaction
νe +
71Ga→ 71Ge + e− . (5)
The average neutrino travelling distances are
〈L〉GALLEX = 1.9m and 〈L〉SAGE = 0.6m. The
first line in Tab. II shows the ratios RB of measured and
expected 71Ge event rates reported by the experimental
collaborations. The index B indicates that the expected
event rates have been calculated using the Bahcall cross
sections [37]
σB(
51Cr) = 58.1× 10−46 cm2 , (6)
σB(
37Ar) = 70.0× 10−46 cm2 , (7)
TABLE I. Energy (E) and branching ratio (B.R.) of the
neutrino lines produced in the electron-capture decay of 51Cr
and 37Ar.
51Cr 37Ar
E [keV] 747 752 427 432 811 813
B.R. 0.8163 0.0849 0.0895 0.0093 0.902 0.098
71
Ge
3/2−
1/2−
5/2−
3/2−
71
Ga
500 keV
232 keV
175 keV
FIG. 1. 71Ga→ 71Ge transitions induced by 51Cr and 37Ar
electron neutrinos.
without considering their uncertainties. One can see that
the values of RG1B and R
S1
B indicate a compatibility be-
tween the measured and expected event rates, whereas
the values of RG2B and R
S2
B are significantly smaller than
one, indicating a disappearance of electron neutrinos.
The weighted average in Tab. II gives a 2.7σ anomaly.
Since the values of the cross sections of 51Cr and 37Ar
electron neutrinos and their uncertainties are crucial for
the interpretation of the Gallium data as indication of
short-baseline νe disappearance, in the following we dis-
cuss in detail the problem of the determination of the
cross sections and their uncertainties, taking into account
Refs. [37–40] and the important recent measurement in
Ref. [14].
The cross sections of the interaction process (5) for
neutrinos produced by 51Cr and 37Ar sources are given
by
σ = σgs
(
1 + ξ175
BGT175
BGTgs
+ ξ500
BGT500
BGTgs
)
, (8)
where σgs is the cross sections of the transitions from
the ground state of 71Ga to the ground state of 71Ge,
BGTgs is the corresponding Gamow-Teller strength, and
BGT175 and BGT500 are the Gamow-Teller strengths of
the transitions from the ground state of 71Ga to the
two excited states of 71Ge at about 175 keV and 500
keV (see Fig. 1). The coefficients of BGT175/BGTgs
and BGT500/BGTgs are determined by phase space:
ξ175(
51Cr) = 0.669, ξ500(
51Cr) = 0.220, ξ175(
37Ar) =
0.695, ξ500(
37Ar) = 0.263 [37].
TABLE II. Ratios of measured and expected 71Ge event rates
in the four radioactive source experiments. G1 and G2 denote
the two GALLEX experiments with 51Cr sources [30–32], S1
denotes the SAGE experiment with a 51Cr source, and S2
denotes the SAGE experiment with a 37Ar source [33–36].
AVE denotes the weighted average.
G1 G2 S1 S2 AVE
RB 0.95
+0.11
−0.11 0.81
+0.10
−0.11 0.95
+0.12
−0.12 0.79
+0.08
−0.08 0.86
+0.05
−0.05
RHK 0.85
+0.12
−0.12 0.71
+0.11
−0.11 0.84
+0.13
−0.12 0.71
+0.09
−0.09 0.77
+0.08
−0.08
RFF 0.93
+0.11
−0.11 0.79
+0.10
−0.11 0.93
+0.11
−0.12 0.77
+0.09
−0.07 0.84
+0.05
−0.05
RHF 0.83
+0.13
−0.11 0.71
+0.11
−0.11 0.83
+0.13
−0.12 0.69
+0.10
−0.09 0.75
+0.09
−0.07
3The cross sections of the transitions from the ground
state of 71Ga to the ground state of 71Ge have been cal-
culated accurately by Bahcall [37]:
σgs(
51Cr) = 55.3× 10−46 cm2 , (9)
σgs(
37Ar) = 66.2× 10−46 cm2 . (10)
These cross sections are proportional to the characteristic
neutrino absorption cross section [37, 41]
σ0 = 2αZGem
2
eG
2
F|Vud|
2g2ABGTgs
= ZGeBGTgs (3.091± 0.012)× 10
−46 cm2 , (11)
where α is the fine-structure constant, ZGe = 32 is the
atomic number of the final nucleus, me is the electron
mass, GF is the Fermi constant, Vud is the ud element of
the quark mixing matrix V , and gA is the axial coupling
constant. The numerical value of the coefficient in the
last line of Eq. (11) has been obtained with the values
of these quantities given in the last Review of Particle
Physics [42]. From the value
σ0 = (8.611± 0.011)× 10
−46 cm2 , (12)
calculated by Bahcall [37] using the accurate measure-
ment [43]
T1/2(
71Ge) = 11.43± 0.03 d (13)
of the lifetime of 71Ge (which decays through the
electron-capture process e− + 7132Ge →
71
31Ga + νe, which
is the inverse of the νe detection process (5)), we obtain
BGTgs = 0.0871± 0.0004 . (14)
This value agrees with that given in Ref. [40], but it is
different from that recommended in Ref. [14]. Hence, we
checked it using the relation
BGTgs =
[2JGe + 1]
[2JGa + 1]
2pi3 ln 2
G2F|Vud|
2m5eg
2
Aft1/2(
71Ge)
=
6289± 3 s
2g2Aft1/2(
71Ge)
, (15)
with JGe = 1/2 and JGa = 3/2, and the value
log ft1/2(
71Ge) = 4.3493± 0.0015 , (16)
obtained with the LOGFT calculator [44] of the National
Nuclear Data Center using the lifetime (13). The result,
BGTgs = 0.0872± 0.0005 , (17)
is in agreement with the value (14), which will be used
in the following.
The Gamow-Teller strengths BGT175 and BGT500
have been measured in 1985 in the (p, n) experiment of
Krofcheck et al. [38, 39] and recently, in 2011, in the
(3He, 3H) experiment of Frekers et al. [14]. The results
are listed in Tab. III together with the 1998 shell-model
calculation of BGT175 of Haxton [40].
The Bahcall cross sections (6) and (7) have been ob-
tained using for BGT500 the Krofcheck et al. measure-
ment and for BGT175 half of the Krofcheck et al. upper
limit [37].
In previous publications [6, 28, 45–48] we used the Hax-
ton shell-model value of BGT175 and the (p, n) measured
value of BGT500. Although the uncertainties of the Hax-
ton shell-model value of BGT175 are so large that BGT175
may be negligibly small, the central value is much larger
than the upper limit obtained in the (p, n) experiment.
According to Ref. [40], this is due to a suppression of
the (p, n) value caused by a destructive interference be-
tween the spin (∆J = 1, ∆L = 0) matrix element and
an additional spin-tensor (∆J = 1, ∆L = 2) matrix el-
ement which operates only in (p, n) transitions. We do
not know if the same suppression is operating also in
(3He, 3H), which could be the explanation of the small-
ness of the value of BGT175 measured by Frekers et al.,
which is compatible with the (p, n) upper bound. More-
over, the value of BGT500 measured by Frekers et al. has
a 2.7σ discrepancy with that measured by Krofcheck et
al. Since we cannot solve these problems, we consider the
following three approaches which give the cross sections
in Tab. IV and the ratios of measured and expected 71Ge
event rates in Tab. II:
HK: Haxton BGT175 value and Krofcheck et al. BGT500
value. This is our old approach adopted in previous
publications [6, 28, 45–48]. The cross sections are
significantly larger than the Bahcall cross sections
in Eqs. (6) and (7), albeit with large uncertainties
which make them compatible at the 1σ level.
FF: Frekers et al. values of both BGT175 and BGT500.
This is a new approach which is motivated by the
new (3He, 3H) measurements [14]. The cross sec-
tions are only slightly larger than the Bahcall cross
sections in Eqs. (6) and (7), mainly because of the
larger BGT500.
HF: Haxton BGT175 value and Frekers et al. BGT500
value. This is a new approach which is motivated
by the possibility that the BGT175 measured by
Frekers et al. suffers of destructive interference
between the spin and spin-tensor matrix element
and its value is different from the BGT175 in Gal-
lium neutrino detection, as discussed by Haxton for
the (p, n) experiment [40]. This approach gives the
largest cross sections, which however are still com-
patible with the Bahcall cross sections at the 1σ
level.
From the weighted averages of measured and expected
71Ge event rates in Tab. II it follows that the statistical
significance of the Gallium anomaly in the three cases
is, respectively, about 3.0σ, 2.9σ and 3.1σ. Hence, the
new (3He, 3H) cross section measurement of Frekers et
4TABLE III. Values of the Gamow-Teller strengths of the transitions from the ground state of 71Ga to the two excited states
of 71Ge at 175 keV and 500 keV and their relative values with respect to the Gamow-Teller strength of the transitions to the
ground state of 71Ge, given in Eq. (14).
Reference Method BGT175
BGT175
BGTgs
BGT500
BGT500
BGTgs
Krofcheck et al. [38, 39] 71Ga(p, n)71Ge < 0.005 < 0.057 0.011 ± 0.002 0.126 ± 0.023
Haxton [40] Shell Model 0.017 ± 0.015 0.19± 0.18
Frekers et al. [14] 71Ga(3He, 3H)71Ge 0.0034 ± 0.0026 0.039 ± 0.030 0.0176 ± 0.0014 0.202 ± 0.016
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FIG. 2. Allowed regions in the sin2 2ϑee–∆m
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marginal ∆χ2’s for sin2 2ϑee and ∆m
2
41 obtained from the
combined fit of the results of the Gallium radioactive source
experiments in the HK case (see the text). The best-fit point
corresponding to χ2min is indicated by a cross.
al. [14] confirm that there is a Gallium anomaly at a
level of about 3σ [6], which indicates a short-baseline
disappearance of νe which can be explained by neutrino
oscillations.
We analyzed the Gallium data in the three cases above
in terms of neutrino oscillations in the 3+1 framework,
TABLE IV. Gallium cross section (in units of 10−46 cm2) and
its ratio with the corresponding Bahcall cross section (Eqs. (6)
and (7)) for 51Cr and 37Ar neutrinos in the three cases dis-
cussed in the text.
51Cr 37Ar
σ σ/σB σ σ/σB
HK 63.9± 6.5 1.10 ± 0.11 77.2± 8.1 1.10± 0.12
FF 59.2± 1.1 1.02 ± 0.02 71.5± 1.4 1.02± 0.02
HF 64.9± 6.5 1.12 ± 0.11 78.5± 8.1 1.12± 0.12
sin22ϑee
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FIG. 3. Allowed regions and marginal ∆χ2’s analogous to
those in Fig. 2 for the FF case.
in which the effective probability of νe survival is given
by Eq. (3) with α = e. We used the statistical method
discussed in Ref. [6], neglecting for simplicity the small
difference between the 51Cr and 37Ar cross section ratios
in Tab. IV. The results of the fits are presented in Tab. V
and Figs. 2–4. One can see that in any case neutrino
oscillations give an acceptable fit of the data. In the FF
case the goodness-of-fit is smaller than in the HK and
HF cases, because of the much smaller uncertainty of
TABLE V. Values of χ2, goodness-of-fit (GoF) for 2 degrees
of freedom and best-fit values of the 3+1 oscillation parame-
ters obtained from the three fits of Gallium data described in
the text.
HK FF HF
χ2min 4.8 7.9 4.6
GoF 9.1% 1.9% 9.9%
∆m241[eV
2] 2.24 2.1 2.24
sin2 2ϑee 0.50 0.30 0.52
5sin22ϑee
∆m
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BGT175. The three cases give approximately the same
best-fit value and allowed range of ∆m241. Instead, they
differ in the best-fit value and allowed range of sin2 2ϑee:
the FF case is in favor of smaller values of sin2 2ϑee than
the HK and HF cases.
III. FIT OF GALLIUM AND REACTOR DATA
The reactor antineutrino anomaly [9] stems from a new
evaluation of the reactor ν¯e flux [7, 8] which implies that
the event rate measured by several reactor ν¯e experiments
at distances from the reactor core between about 10 and
100 meters is smaller than that obtained without ν¯e dis-
appearance. This is illustrated in Fig. 5, where we plot-
ted the ratio R of the observed ν¯e event rate and that
expected in absence of ν¯e disappearance for the Bugey-
3 [49], Bugey-4 [50], ROVNO91 [51], Gosgen [52], ILL
[53] and Krasnoyarsk [54] reactor antineutrino experi-
ments. We used the reactor neutrino fluxes presented
in the recent White Paper on light sterile neutrinos [15],
which updates Refs. [7–9]. From Fig. 5 one can see that
the reactor antineutrino anomaly has a significance of
about 2.8σ. In the fit of reactor data, besides the above-
mentioned rates, we consider also the 40m/15m spectral
ratio measured in the Bugey-3 experiment [49].
The results of the fit of the reactor antineutrino data
are presented in Tab. VI and Fig. 6. One can see that
the preferred range of ∆m41 has a large overlap with that
indicated by the Gallium anomaly, but there is a strong
upper bound for sin2 2ϑee of about 0.3. Therefore, the
large-sin2 2ϑee part of the Gallium-allowed region in each
0 20 40 60 80 100
0.
7
0.
8
0.
9
1.
0
1.
1
1.
2
L    [m]
R
R = 0.930 ± 0.024
Reactor Rates
Bugey3−15
Bugey3−40
Bugey3−95
Bugey4−15
ROVNO−18
Gosgen−38
Gosgen−45
Gosgen−65
ILL−9
Krasno−33
Krasno−92
Krasno−57
Average Rate
FIG. 5. Ratio R of the observed ν¯e event rate and that ex-
pected in absence of ν¯e disappearance in reactor neutrino ex-
periments. The horizontal band represents the average value
of R with 1σ uncertainties.
of the three cases considered in Figs. 2–4 is excluded by
reactor data.
The results of the combined fit of Gallium and reac-
tor data are presented in Tab. VI and Figs. 7–9. From
these figures, one can see that the allowed regions in the
sin2 2ϑee–∆m
2
41 in the three cases that we have consid-
ered for the fit of Gallium data are quite similar, and
the best-fit values of sin2 2ϑee and ∆m
2
41 are equal (see
Tab. VI). This is due to a dominance of reactor data,
which are more numerous and have smaller uncertain-
ties. Hence, in the following we consider only the FF case,
TABLE VI. Values of χ2, number of degrees of freedom
(NDF), goodness-of-fit (GoF) and best-fit values of the 3+1
oscillation parameters obtained from the fit of reactor (REA)
antineutrino data (first column) and from the combined fit of
reactor and Gallium data in the three cases discussed in Sec-
tion II. The last three lines give the parameter goodness-of-fit
(PG) [55] of the combined fit.
REA REA+HK REA+FF REA+HF
χ2min 21.5 30.6 31.8 31.0
NDF 36 40 40 40
GoF 97% 86% 82% 85%
∆m241[eV
2] 1.9 1.95 1.95 1.95
sin2 2ϑee 0.13 0.16 0.16 0.16
∆χ2PG 4.3 2.4 4.8
NDFPG 2 2 2
GoFPG 12% 30% 9%
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which is the one which is more compatible with reactor
data, because it agrees more than the HK and HF cases
with the reactor exclusion of large values of sin2 2ϑee.
This better agreement is quantified by the larger param-
eter goodness-of-fit [55] in Tab. VI.
IV. SOLAR NEUTRINO CONSTRAINT
In this section we discuss the upper bound for sin2 2ϑee
which can be obtained from the data of solar neutrino
experiments [32, 56–66] and from the data of the Kam-
LAND very-long-baseline reactor antineutrino experi-
ment [67], which are sensitive to oscillations generated by
the small squared-mass difference ∆m221. Since the event
rates measured in these experiments are well described
by standard three-neutrino mixing, the data allow us to
constrain the corrections due to active-sterile neutrino
mixing, which affects the electron neutrino and antineu-
trino survival probability and generates transitions into
sterile neutrinos [23–26, 68, 69]. As explained in the fol-
lowing, the almost degenerate effects in the solar and
KamLAND experiments [24–26] of |Ue4|
2, which deter-
mines sin2 2ϑee through Eq. (4), and |Ue3|
2 can be re-
solved by using the recent determination of |Ue3|
2 in the
Daya Bay [70] and RENO [71] long-baseline reactor an-
tineutrino experiments.
The effective survival probability of electron neutrinos
and antineutrinos in the solar and KamLAND experi-
sin22ϑee
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ments is given by2 [72]
P SUNνe→νe = P
2ν
νe→νe
(
1−
4∑
k=3
|Uek|
2
)2
+
4∑
k=3
|Uek|
4 , (18)
where P 2ννe→νe is the two-neutrino survival probability
generated by ∆m221. Considering small values of |Ue3|
2
and |Ue4|
2, we have
P SUNνe→νe ≃ P
2ν
νe→νe
(
1− 2
4∑
k=3
|Uek|
2
)
. (19)
In vacuum the two-neutrino survival probability P 2ννe→νe
has the standard two-neutrino form which does not de-
pend on |Ue3|
2 and |Ue4|
2. Therefore, in the KamLAND
experiment |Ue3|
2 and |Ue4|
2 have the same effect of sup-
pressing the electron neutrino and antineutrino survival
probability. For solar neutrinos, the main effect of |Ue3|
2
and |Ue4|
2 is the same as in the vacuum case, but there
are corrections caused by the modifications of P 2ννe→νe due
to the decrease of |Ue1|
2 + |Ue2|
2 = 1 − (|Ue3|
2 + |Ue4|
2)
if |Ue3|
2 6= 0 and/or |Ue4|
2 6= 0 and to the contribution
2 In this discussion we neglect, for simplicity, the matter effects in
the Earth which affect the neutrino detection rates in the night,
but these effects are taken into account in our calculation.
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of the neutral current potential VNC which is not felt by
the sterile neutrino during propagation in matter.
In order to describe this effect, we neglect possible CP-
violating phases in the mixing matrix and we parameter-
ize it as (see also [24])
U = R23R24R34R14R13R12 , (20)
where Rab is the real orthogonal matrix (R
T
ab = R
−1
ab )
which operates a rotation in the a-b plane by an angle
ϑab:
[Rab]rs = δrs + (cab − 1) (δra δsa + δrb δsb)
+ sab (δra δsb − δrb δsa) , (21)
with cab ≡ cosϑab and sab ≡ sinϑab. In this parame-
terization the electron line of the mixing matrix is given
by
Ue1 = c12c13c14 , Ue2 = s12c13c14 , (22)
Ue3 = s13c14 , Ue4 = s14 . (23)
Hence, this is an extension of the standard three-neutrino
mixing parameterization of the electron line (see [1–3])
with the addition of νe-ν4 mixing parameterized by ϑ14.
This parameterization is also convenient because
ϑee = ϑ14 . (24)
Since the sterile line of the mixing matrix is more com-
plicated, it is convenient to write its first two elements
as
Us1 = cosϕs cosχs , Us2 = sinϕs cosχs , (25)
with
tanϕs =
Zs12c24 + c12s24
Zc12c24 − s12s24
, (26)
cos2 χs = 1−
4∑
k=3
|Usk|
2 = Z2c224 + s
2
24 , (27)
Z = c13c34s14 − s13s34 . (28)
The adiabatic two-neutrino survival probability
P 2ννe→νe is given by [23]
P 2ννe→νe =
1
2
(
1 + cos 2ϑ12 cos 2ϑ
0
12
)
, (29)
where ϑ012 is the effective mixing angle at neutrino pro-
duction, which is given by
ϑ012 = ϑ12 + ω
0 , (30)
The mixing angle ω between the vacuum mass basis and
the effective mass basis in matter is given by
tan 2ω =
2EV sin 2ξ
∆m221 − 2EV cos 2ξ
. (31)
Here V is the matter potential given by
V 2 = V 2CCc
4
13c
4
14 + V
2
NC cos
4 χs
− 2VCCVNC cos 2(ϑ12 − ϕs)c
2
13c
2
14 cos
2 χs , (32)
where VCC and VNC are the standard charged-current and
neutral-current matter potentials. The angle ξ is given
by
tan 2ξ =
VCC sin 2ϑ12c
2
13c
2
14 − VNC sin 2ϕs cos
2 χs
VCC cos 2ϑ12c213c
2
14 − VNC cos 2ϕs cos
2 χs
.
(33)
8Therefore, for s14 ≪ 1 the contributions of |Ue3|
2 ≃ s213
and |Ue4|
2 = s214 to the matter effects are almost degener-
ate. There is only a small difference of their contributions
due to Z in Eq. (28).
In solar neutrino measurements the degeneracy of the
effects of |Ue3|
2 and |Ue4|
2 is also slightly broken by the
SNO neutral current measurement, which is sensitive to
the total probability of νe transitions into active neutri-
nos, which by unitarity is given by 1− P SUNνe→νs , with
P SUNνe→νs = P
2ν
νe→νsc
2
13c
2
14 cos
2 χs +
4∑
k=3
|Uek|
2|Usk|
2 . (34)
Here, the adiabatic two-neutrino transition probability
P 2ννe→νs is given by
3 [23]
P 2ννe→νs =
1
2
(
1 + cos 2ϕs cos 2ϑ
0
12
)
. (35)
The degeneracy of |Ue3|
2 and |Ue4|
2 is broken by their
different effects in ϕs, χs and in the last term of Eq. (34).
Luckily, the recent determination of the value of ϑ13 in
the Daya Bay [70] and RENO [71] experiment allow us
to obtain information on the value of ϑee = ϑ14 without
much uncertainty due to ϑ13. In the 3+1 mixing scheme
under consideration the effective long-baseline ν¯e survival
probability in the Daya Bay and RENO far detectors is
given by [73]
PLBL-Fν¯e→ν¯e = 1− c
4
14 sin
2 2ϑ13 sin
2
(
∆m231L
4E
)
−
1
2
sin2 2ϑ14 ,
(36)
since the oscillations due to ∆m241 ≫ ∆m
2
31 are averaged
and the oscillations due to ∆m221 ≪ ∆m
2
31 are negligibly
small. This survival probability depends on ϑ14, but the
Daya Bay and RENO collaborations measured the ratio
of the probability (36) in the far detectors and the prob-
ability (36) with ∆m231L/4E ≪ 1 in the near detectors,
PLBL-Nν¯e→ν¯e = 1−
1
2
sin2 2ϑ14 . (37)
Since the contribution of small values of ϑ14 to the mea-
sured ratio is of order ϑ414 [74], in practice the value of
ϑ13 determined by the Daya Bay and RENO collabora-
tions with a three-neutrino mixing survival probability
is accurate also in the 3+1 scheme under consideration.
Nevertheless, since we have the possibility, in our anal-
ysis we took into account the exact ratio of the far and
near survival probabilities (36) and (37) by including the
least-squares function χ2LBL of the far/near relative mea-
surements of Daya Bay and RENO in the total solar and
reactor least-squares function
χ2 = χ2SOL + χ
2
KL + χ
2
LBL . (38)
3 One can check that in the limit of two-neutrino νe-νs mixing
the unitarity relation P 2ννe→νe + P
2ν
νe→νs
= 1 is satisfied. In this
case, c13 = c14 = s24 = cosχs = 1 and ϕs = ϑ12 + pi/2.
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FIG. 10. Marginalized ∆χ2 = χ2 − χ2min as a function of
sin2 2ϑee obtained from the fit of solar and KamLAND data
with and without Daya Bay and RENO data.
For the calculation of the solar least-squares function
χ2SOL, we considered the radiochemical
37Cl [56] and 71Ga
[32, 57] experiments, the day and night energy spectra
of all four phases of Super-Kamiokande [58–61], the day
and night energy spectra of the SNO D2O phase [62], the
charged-current and neutral-current rates of the SNO salt
[63] and NCD [64] phases, and the rates of low energy 7Be
[65] and pep [66] solar neutrinos from the Borexino ex-
periment. We did not use the SNO data obtained with
the low energy threshold analysis [75] and those obtained
with the combined analysis [76] because both analyses as-
sumed a three-parameter polynomial survival probability
which is not appropriate for the sterile neutrino analysis.
The solar neutrino fluxes are taken from the BP2004 [77]
standard solar model, except for the normalization of the
solar 8B neutrino flux, which is considered as a free pa-
rameter determined by the minimization of χ2 (as usual,
because of its large theoretical uncertainties).
The KamLAND least-squares function χ2KL has been
calculated using the energy spectrum reported in [67]
with a total exposure of 3.49× 1032 target-proton-year.
In our analysis, we used the νe survival probability (18)
and the νe → νs transition probability (34) taking into
account as parameters the squared-mass difference ∆m221
and the five relevant mixing angles ϑ12, ϑ13, ϑ14, ϑ24,
ϑ34 (solar and KamLAND oscillations are independent
from ϑ23, because νµ and ντ are indistinguishable; see
[1]). The six-dimensional parameter space is explored
with a Markov Chain Monte Carlo sampling in order to
minimize the total χ2 in Eq. (38).
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plane obtained from the separate fits of Gallium, reactor, solar
and νeC scattering data and from the combined fit of all data.
The best-fit points corresponding to χ2min are indicated by
crosses.
Since the best fit is obtained for ϑ14 = 0, the marginal-
ized ∆χ2 = χ2−χ2min shown in Fig. 10 give stringent con-
straints on the value of sin2 2ϑee = sin
2 2ϑ14. In Fig. 10
we have plotted the ∆χ2 obtained with and without in-
cluding the Daya Bay and RENO data. One can see that
these data are useful in order to tighten the upper bound
on sin2 2ϑee.
V. GLOBAL FIT
In this section we present the results of the global fit of
electron neutrino and antineutrino disappearance data,
which includes the Gallium and reactor data discussed
respectively in Sections II and III, the solar neutrino
constraint discussed in Section IV, and the KARMEN
[78, 79] and LSND [80] νe +
12C → 12Ng.s. + e
− scatter-
ing data [27], with the method discussed in Ref. [28].
Figure 11 shows a comparison of the allowed 95% CL
regions in the sin2 2ϑee–∆m
2
41 plane obtained from the
separate fits of Gallium, reactor, solar and νeC scatter-
ing data and from the combined fit of all data. One can
see that the separate allowed regions overlap in a band
delimited by ∆m241 & 1 eV
2 and 0.07 . sin2 2ϑee . 0.09,
which is included in the globally allowed 95% CL re-
gion. Figure 12 shows the globally allowed regions in
the sin2 2ϑee–∆m
2
41 plane and the marginal ∆χ
2’s for
the two oscillation parameters. The best-fit point is at a
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FIG. 12. Allowed regions in the sin2 2ϑee–∆m
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41 plane and
marginal ∆χ2’s for sin2 2ϑee and ∆m
2
41 obtained from the
global fit of νe and ν¯e data. The best-fit point corresponding
to χ2min is indicated by a cross.
relatively large value of ∆m241,
(∆m241)bf = 7.6 eV
2 , (sin2 2ϑee)bf = 0.12 , (39)
with χ2min/NDF = 45.5/51, corresponding to a 69%
goodness-of-fit. However, there is a region allowed at
1σ around ∆m241 ≃ 2 eV
2 and sin2 2ϑee ≃ 0.1. The slight
preference of the global fit for ∆m241 ≃ 7.6 eV
2 with re-
spect to ∆m241 ≃ 2 eV
2 (see the marginal ∆χ2 for ∆m241
in Fig. 12), which is preferred by Gallium and reactor
data (see Tabs. V and VI and Figs. 2–4, 6 and 7–9), is
due to the νeC scattering data, which prefer larger values
of ∆m241 (see the discussion in Ref. [28]).
Comparing the minimum of the χ2 of the global fit
with the sum of the minima of the χ2 of the separate fits
of Gallium, reactor, solar and νeC scattering data, we
obtained ∆χ2PG = 11.5, with 5 degrees of freedom, which
gives a parameter goodness-of-fit of 4%. Therefore, the
compatibility of the four data sets is acceptable.
The results of the global fit, as well as the results of the
fits of Gallium and reactor data, lead to lower limits for
∆m241, but there is no upper limit for ∆m
2
41 in Figs. 2–
4, 6, 7–9 and 12. Hence, one can ask if there are other
measurements which constrain large values of ∆m241. The
answer is positive and comes from the measurements of
the effects of heavy neutrino masses on electron spectrum
in β-decay far from the end-point, from the results of
neutrinoless double-β decay experiments for Majorana
neutrinos, and from cosmological measurements. In this
10
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FIG. 13. Relative deviation of the Kurie plot in β-decay for
some points in the allowed regions of Fig. 12.
discussion we consider the mass hierarchy
m4 ≫ m1,m2,m3 , (40)
which implies
m4 ≃
√
∆m241 . (41)
Let us consider first β-decay experiments. The ratio
of the Kurie function K(T ) in β-decay for the case of
a heavy neutrino ν4 and that corresponding to massless
neutrinos is given by [28]
(
K(T )
Q− T
)2
= 1− |Ue4|
2
+ |Ue4|
2
√
1−
m24
(Q − T )2
θ(Q − T −m4) , (42)
where T is the kinetic energy of the electron, Q =
18.574 keV is the Q-value of the decay, θ is the Heaviside
step function, and we have neglected the contribution of
the three light neutrinos ν1, ν2, ν3. Figure 13 shows the
relative deviation of the Kurie plot with respect to the
massless case for some points in the allowed regions of
Fig. 12. One can see that in order to see the effect of
m4, beta-decay experiments must have a sensitivity to
the relative deviation of the Kurie plot of the order of a
percent or better for T & Q−m4.
In 2001 the Genoa 187Re beta-decay experiment [29]
searched for deviation of the electron spectrum due to a
heavy neutrino with a mass from 50 to 1000 eV. From
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Fig. 3 of Ref. [29] one can see that the 95% CL up-
per bound for m4 is about 300 eV if sin
2 2ϑee ≃ 0.1,
which implies a very large upper limit on ∆m241 of about
105 eV2.
Very recently, the Mainz collaboration released new
data obtained with the phase II of the Mainz Neu-
trino Mass Experiment [16] which constrain the value of
sin2 ϑee for m
2
4 between about 10 and 3 × 10
4 eV2. Fig-
ure 14 shows the constraints in the sin2 2ϑee–∆m
2
41 plane
that we obtained with a χ2 analysis of the Mainz data in
[16]. From the comparison with the allowed regions ob-
tained from the global fit of νe disappearance data shown
in Fig. 14 one can see that the Mainz data constrain
∆m241 to be smaller than about 10
4 eV2 at about 90%
CL. This is confirmed by the results of the combined fit
shown in Fig. 15.
The KATRIN experiment (see [81]), which will start in
2015 [82], may be able to improve dramatically the upper
limits on m4 and maybe see its effects on the electron
spectrum [83].
The heavy neutrino mass m4 has also an effect in neu-
trinoless double-β decay (see [84–87]), if massive neu-
trinos are Majorana particles (see [1–3]). Considering
Eq. (41), the contribution of the heavy neutrino mass
m4 to the effective Majorana mass
mββ =
∣∣∣∣∣
∑
k
U2ekmk
∣∣∣∣∣ (43)
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41 plane ob-
tained from the combined fit of νe disappearance and Mainz
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is given by
m
(4)
ββ ≃ |Ue4|
2
√
∆m241 . (44)
Figure 16 shows the marginal ∆χ2 = χ2−χ2min as a func-
tion ofm
(4)
ββ obtained from the global fit. One can see that
m
(4)
ββ is bounded from below and it is likely to be larger
than about 10−2 eV, a value which may be reached in
the next generation of neutrinoless double-β decay exper-
iment (see [87, 88]). Of course, if the three light neutrinos
ν1, ν2, ν3 are quasi-degenerate at a mass scale larger than
about 10−2 eV the contribution of m
(4)
ββ can cancel with
that of the three light neutrinos. Such an unfortunate
cancellation can also happen if the masses of the three
light neutrinos follow an inverted hierarchy [89, 90], since
in that case their contribution to the effective Majorana
mass is [85]
1.4×10−2 . m
(light)
ββ . 5.0×10
−2 eV (IH−95%CL) .
(45)
On the other hand, no cancellation is possible in the case
of a normal hierarchy, for which [85]
m
(light)
ββ . 4.5× 10
−3 eV (NH− 95%CL) , (46)
and the contribution of m
(4)
ββ is dominant if it is larger
than about 10−2 eV. Figure 17 shows the allowed values
of mββ as functions of the lightest neutrino mass in the
two 3+1 schemes with a normal (left) and inverted (right)
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FIG. 16. Marginal ∆χ2 = χ2−χ2min as a function of m
(4)
ββ ob-
tained from the global fit. The vertical green band represents
the currently most stringent 90% CL upper bound for m
(4)
ββ in
the no-cancellation case (47) obtained from the 90% CL EXO
bound on mββ taking into account nuclear matrix element
uncertainties [17]. The vertical dark-green band corresponds
to the 1σ Klapdor-Kleingrothaus et al. range of mββ [18].
mass spectra of the three light neutrinos. We have drawn
also the curves which delimit the three-neutrino mixing
allowed regions [85]. One can see that practically the
situation is reversed with respect to the three-neutrino
mixing case (see also the discussion in [87]), in whichmββ
is predicted to be large in the inverted spectrum and can
vanish in the normal spectrum. In the 3+1 case mββ can
have any value in the inverted spectrum, whereas in the
normal spectrum it is likely to be large if the three light
neutrino masses are hierarchical, i.e. if m1 ≪ m2 ≪ m3.
Let us consider the “no-cancellation” case, in which
mββ ≥ m
(4)
ββ (no-cancellation) . (47)
In this case, as shown in Fig. 16, large values of m
(4)
ββ are
excluded by the currently most stringent upper bound for
mββ obtained in the EXO experiment [17] (the vertical
green band in Fig. 16 is the 90% CL EXO bound taking
into account nuclear matrix element uncertainties). This
limit implies the upper bound on ∆m241 ≃ (m
(4)
ββ/|Ue4|
2)2
as a function of sin2 2ϑee shown in Fig. 18. One can
see that parts of the high-∆m241 regions allowed by the
global fit are disfavored by the EXO bound. However,
the large nuclear matrix element uncertainties do not
allow to establish a precise bound. From Fig. 18 one
can also see that the putative Klapdor-Kleingrothaus et
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schemes with a normal (left) and inverted (right) mass spectra of the three light neutrinos ν1, ν2, ν3. The black lines delimit
the three-neutrino mixing allowed regions at 1σ (solid), 2σ (dashed), 3σ (dotted) [85].
al. 1σ range of mββ [18] implies a rather large value of
∆m241, around 100− 200 eV
2. In this case the oscillation
length is very short, of the order of 1 cm for neutrinos
with energy of the order of 1 MeV, as reactor neutrinos
and neutrinos emitted by radioactive sources. Hence it
will be practically impossible to observe a variation of
the event rate characteristic of oscillations in future very
short-baseline reactor neutrino experiments [91, 92] and
radioactive source experiments [93–96] (see also [15, 97]).
Finally, considering cosmological measurements one
must say that they are a powerful probe of the number
of neutrinos and of neutrino masses at the eV scale (see
[15, 98, 99]), but the analysis requires many assumptions
on the cosmological model and its details. A comparison
of the results of the fit of short-baseline oscillation data
is beyond the scope of this paper. We can only say that
the analysis of cosmological data in the framework of the
standard ΛCDM [48, 100–105] allow the existence of a
sterile neutrino thermalized in the early Universe, but
restricts its mass to be less than about 1 eV (a possible
suppression of the sterile neutrino thermalization with a
large lepton asymmetry has been discussed recently in
[106, 107]). If this constraint is correct, the upper bound
on ∆m241 is about 1 eV
2, which is much more restrictive
than those of β decay in Fig. 14 and neutrinoless double-
β decay in Fig. 18.
VI. CONCLUSIONS
In this paper we presented a complete update of the
analysis of νe and ν¯e disappearance experiments in terms
of neutrino oscillations in the framework of 3+1 neutrino
mixing. We have shown that the Gallium anomaly, the
reactor anomaly, solar neutrino data and νeC scattering
data are compatible with short-baseline oscillations with
an amplitude sin2 2ϑee between about 0.03 and 0.2 and a
squared-mass difference ∆m241 larger than about 0.5 eV
2
at 95% CL. Assuming the mass hierarchy in Eq. (40), we
have shown that the heavy neutrino mass m4 is observ-
able in β-decay experiments and neutrinoless double-β
decay experiments. The very recent Mainz β-decay data
[16] constrain ∆m241 to be smaller than about 10
4 eV2 at
95% CL. For Majorana neutrinos, the recent EXO limit
on the effective Majorana mass in neutrinoless double-β
decay [17] give a more stringent constraint which can vary
between about 102 and 103 eV2 depending on the nuclear
matrix element uncertainties if there are no cancellations
between the contribution of ν4 and that of the three light
neutrinos. We think that our results are interesting for
the many projects which will search in the next years ef-
fects of light sterile neutrinos with electron neutrino and
antineutrino radioactive sources (see [15, 108, 109]), reac-
tor electron antineutrinos (see [15, 110]) and accelerator
electron neutrinos [111–113].
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